This paper proposes a mathematical optimization model for designing safe walking routes for children from school to homes. We focus on the existing bi-objective model, the safe walking route design problem, which minimizes both the total walking risk and the total route distances for all children from school to home. The original problem assumes that the combined routes for all children forms a directed out-tree rooted at the school. However, making this assumption excludes solutions such as those involving cycles. This paper explores how to relax the assumption that the graph is an out-tree by using a layered network constructed from the original network. Using the layered network formulation, we obtain some solutions that have better objective values than those obtained by the original formulation when we strongly emphasize reducing the risk objective. The results also show that the new formulation produces the same out-tree solution when minimization of the risk objective and the distance objective are suitably balanced.
Introduction
In Japan, it is common for elementary school students to walk to and from school without adult supervision. This involves potential risks such as traffic accidents and crime. To deal with this problem, Tanaka et al. (2016) proposed a mathematical optimization model for designing safe routes for children walking from school to home. The model assumes that walking along any given road segment in a group is safer than walking the same segment alone, and employs a risk objective defined as the sum of the risks associated with edges walked alone, plus the sum of the risks associated with edges walked in groups. A bi-objective model is constructed that minimizes both the total walking risk (in particular, the total distance walked alone) and the total route distance for all children from school to home. They applied the model to instances constructed from road network data and showed that the model produced much better solutions compared with the solution where each child walks along the shortest path from school to home.
In Tanaka et al. (2016) , it is assumed that the combination of routes from school to homes for all children forms a directed out-tree rooted at the school. This assumption allows a simple formulation of the proposed problem, thereby making it easier to obtain Pareto-optimal solutions. However, using this assumption excludes some solutions, such as those involving cycles. Therefore, it is interesting to consider if there exist better solutions when we consider a wider solution space that contains routes other than out-trees.
The first attempt to design optimal routes for children seems to be by Yoshida and Imai (2010) . They employed the existing hierarchical facility location problem (Berman et al. 2005; Sasaki et al. 2008 ) to designing a walking route for school children. The basic idea is to divide children into a fixed number of groups so that children whose homes are close to each other can walk together. The problem seeks to find intermediate points and allocation of children to each intermediate point that minimizes the weighted sum of the distances from school to the intermediate points and the distances from the intermediate points to homes. Compared with this approach, the model proposed by Tanaka et al. (2016) does not assume intermediate points and allows more flexible routes design. In a more recent study, Malucelli et al. (2017) proposed a line planning problem of Pedibus. Pedibus is also known as the Walking School Bus in Western countries, which is intended to increase the percentage of children walking to school with peers. In most cases, adult supervision is compulsory where the role is played by volunteers. In order for the Pedibus system to be efficiently managed and maintained by a limited number of supervisors, they proposed the problem to minimize the number of Pedibus lines so that each home of a child is assigned to one line and distance from home to school is under a given threshold. They also considered minimization of total risk as the second objective, which encourages merging of Pedibus lines before reaching the school (Malucelli et al., 2017) . Their model can be regarded as a variant of the minimum spanning tree with constrained number of leaves. The above three models assume that the combined routes from school to home for all children is a tree rooted at the school. The relaxation of the tree assumption is the main topic of this paper.
This paper explores how to relax the assumption that the graph is an out-tree by using a layered network constructed from the original network. Based on the layered network, we present an extended formulation of the safe walking route design problem. We compare optimal solutions obtained by the original formulation with those by the extended formulation by using network instances. The results show that an out-tree solution remains a desirable choice unless very strong emphasis is placed on reducing the risk objective.
The school bus routing problem is closely related to the present study. This problem seeks to plan an efficient schedule for a fleet of school buses where each bus picks up students from various bus stops and delivers them to their designated schools while satisfying various constraints such as the maximum capacity of a bus, the maximum riding time of a student in a bus, and the time window of a school (Park and Kim, 2010) . Researchers continue to study this important class of problems, and propose new models and solution methods (e.g., Pacheco et al., 2013; and Bögl et al., 2015) . In the school bus routing problems, risk and safety issues have not been sufficiently focused in the objectives and constraints. Chalkia et al. (2016) seems to be the first that has fully addressed safety issues in the school bus routing problem. They take specific road conditions such as visibility, lighting, traffic flow and traffic speed into consideration, and allocate safety parameters into links and nodes of road networks using these conditions, and consider the problems of pedestrian routing and school bus routing. While the risk objective is considered in Chalkia et al. (2016) , the notion of risk is different from that in the current problem. We consider the risk associated with the total distance children have to walk alone.
The remainder of this paper is organized as follows. In section 2 we introduce the safe walking route design problem and its integer programming formulation proposed by Tanaka et al. (2016) . Then in section 3, we present a basic idea to relax an out-tree assumption by using a layered network. Based on the layered network, section 4 presents a new formulation that allows more flexible route design. Section 5 analyzes optimal solutions obtained by the original and the new formulation. Finally in section 6, we conclude the paper and discuss future research directions.
Safe walking route design problem
This section introduces the original formulation of the safe walking route design problem (SWRDP) proposed in Tanaka et al. (2016) . They consider a directed graph G with a node set V(G) and an edge set E(G). A school is represented by a special source node s ∈ V(G). Other nodes in V(G) are the homes of school children and road intersections. The number of children going back to node v is given by
represents the set of directed edges corresponding to road segments. The original SWRDP assumes that the combination of routes from school to home for all children forms a directed out-tree rooted at the school.
There are important parameters in the risk objective: c e , meaning that for all edges, the risk of walking a unit distance alone is greater than or equal to that of walking the same distance in a group of two or more. Then, that the risk of walking along edge e alone is given by c 1 e l e , and that for a group is given by c 2+ e l e , where l e is the length of edge e (Tanaka et al., 2016) . SWRDP is a bi-objective problem. The first objective is the total risk, that is, the sum of the risks over edges walked alone, plus the sum of the risks over edges walked in groups. The second objective is the total route distance as the sum of the walking distances for all children. Let D denote the set of destination nodes Design, Systems, and Manufacturing, Vol.12, No.3 (2018) node v, respectively. In addition, the following variables are introduced.
x e : number of children walking over edge e ∈ E(G), x e ∈ {0, 1, . . . , t}; y 1 e : binary variable that takes 1 if edge e is walked alone, and 0 otherwise; y 2+ e : binary variable that takes 1 if edge e is walked by two or more children, and 0 otherwise.
With these notations, SWRDP can be formulated as follows (Tanaka et al. 2016) :
subject to
x e ∈ {0, 1, . . . , t} ∀e ∈ E(G),
Objective function (1) is to minimize the total risk, that is, the sum of the risks along edges walked alone, plus the sum of the risks along edges walked in groups. Objective function (2) is to minimize the total walking distance from school to homes for all children. Constraints (3) are flow conservation constraints. Constraints (4) through (6) describe the relation between two types of variables. Constraints (7) mean that the combined route for all children from school to home is a directed out-tree rooted at the school. Finally, constraints (8) and (9) are integer constraints on the decision variables. Tanaka et al. (2016) introduced another interpretation of the risk objective formulated above. By assuming that the number of potential dangers follows a Poisson distribution along each edge, they showed that minimizing the risk objective is equivalent to maximizing the probability that all children return home safely. This interpretation of the risk objective is also valid in the new formulation that we will propose in this paper.
Relaxation of out-tree assumption
The original formulation assumes that the combination of routes from school to homes for all children forms a directed out-tree rooted at the school. This assumption facilitates a simple formulation of the proposed problem, allowing a mathematical programming solver to generate Pareto optimal solutions within a moderate amount of time. However, making this assumption excludes some solutions involving cycles, such as those illustrated in Fig. 1 . In Fig. 1 , the numbers assigned to nodes indicate the respective number of children bound for each destination, and the number associated with each edge represents the number of children walking the edge. This section explores how to relax the assumption that the graph is an out-tree by using a layered network constructed from the original network.
The two examples in Fig. 1 illustrate typical solutions that are infeasible within the original formulation. In Fig. 1 (a) , a group of children first deviates from the main route at node A to walk together with the child residing at node B; the group then returns to the main route. In Fig. 1 (b) a group of children splits at node C to send two children safely to their homes, which are on different road segments, and the two branches of the route meet again at node D. Regarding the joining of the two subroutes at node D in Fig. 1 (b) , the following two scenarios should be clearly distinguished.
Rendezvous scenario: After the group splits into two subgroups at node C, the subgroups meet again at node D and walk together; Tanaka, Miyashiro and Miyamoto, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.3 (2018) Good-by scenario: Once the group splits at node C, the two subgroups constitute two different flows, even though the two routes contain the same road segment.
In the rendezvous scenario, the group arriving first at node D should wait for the arrival of the other group, and so the rules defining how the wait will occur in what conditions should be explicitly considered. In this paper, we assume that the good-by scenario, which is both practical and simple, does not require any assumptions beyond those already made. The next section explains how to relax the assumption that the graph is an out-tree and presents a mathematical programming formulation based on the layered network. Before proceeding to the next section, we expain that the simple removal of the out-tree assumption cannot be applied. Figure 2 shows an example that can be obtained by solving the problem without constraint (7). The node denoted by s is the school node. As can be seen from node A, the number of children walking though the node is impossible to realize although the flow conservation constraint is satisfied at the node. To overcome this difficulty, we propose a new formulation by using a layered network that can be obtained by the original network. 
Layered network formulation
The basic idea of how to treat a group of children sharing the same road segment as different subgroups once the group has divided into smaller subgroups is to construct a layered network that has multiple copies of the original road network. Figure 3 illustrates how to build a layered network, Fig. 3 (b) , from the original road network, Fig. 3 (a) . Concretely, the following procedure will construct a layered network.
We begin with a given directed graph G with node set V(G) and edge set E(G), which represents the original road network, as shown in Fig. 3 (a) . Node s ∈ V(G) is the start node (i.e., the school) and D ⊂ V(G) is the set of destinations (i.e., the homes). For a given number of layers h, we construct a layered directed graph H from G as follows. For every k ∈ {1, 2, . . . , h}, we introduce a set of nodes V k (H) and a set of edges E k (H), where V k (H) is a copy of V(G), and
is a copy of E(G). For connecting adjacent layers, a set of downward edges
. . , h − 1}} are added. To represent the school, a node s 0 and an edge (s 0 , s 1 ) are introduced, where s 1 (∈ V 1 ) is a copy of s ∈ V(G). In a similar manner, V h+1 (H) is constructed as a copy of D to represent a set of destinations, which are shown in Fig. 3 (b) by the boxes with the number of children inside. In addition, we denote by V 0 (H) the set of the node in layer zero, which is composed of only a single node s 0 . Finally, edges leading to the destinations
. . , h}} are constructed, which is shown by dashed lines in Fig. 3 (b) .
The layered network H is composed of the set of nodes V(H) = ∪ h+1 k=0 V k (H) and the set of edges Vol.12, No.3 (2018) The same is also true for parameters in the risk objective.
On a layered network of the type introduced above, the out-tree constraint can be satisfied by some solutions that are not feasible in the underlying graph G, such as those depicted in Fig. 1 . It should be noted that when the number of layers is one (i.e., h = 1), the solution spaces of G and the layered network are the same. Thus, the proposed layered model can be seen as an extension of the original out-tree model. The formulation of the layered model is given as follows:
x e ∈ {0, 1, . . . , t} ∀e ∈ E(H),
It should be noted that the formulation for the layered model is almost the same as that of the out-tree formulation in the original network. In fact, we still have out-tree constraints formulated over the layered network H. When an optimal solution contains cycles, such as shown in Fig. 1 , groups of children traveling along a cycle walk over different layers of the graph H. With the introduction of layers, the size of the graph increases linearly with the number of layers h. Also, the computing time to prove optimality of obtained solutions by using a mathematical programming solver becomes much longer than for solutions of the original formulation.
Numerical examples
This section focuses on the SWRDP in which the risk objective is given by the total distance walked alone (c 1 e = 1 and c 2+ e = 0 for all edges) and applies the problem to two network instances. This is a particularly important case since reducing the distance walked alone by children is the most pressing issue (MEXT, 2005).
Tanaka, Miyashiro and Miyamoto, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.3 (2018) We examine optimal solutions obtained from the original formulation and the layered network formulation in the case where h = 2. We compare the corresponding times required for a mathematical programming solver to find the solutions. To examine the effect of non-tree solutions, we assume the situation in which we would like to minimize a single objective, which is given as the weighted sum of the risk (measured in the distances walked alone) and the total walking distances. To this end, we introduce the weight w attached to the risk value and focus on the following single-optimization problem.
subject to (12)-(18).
To illustrate solutions of this single-optimization problem, we first present an illustrative example, which is shown in Fig. 4 . This example network has six nodes and six edges. One of the six edges has length two and each of the others has length one. There are three destinations. One of the three is the destination of four children, and the remaining two children each go to one of the remaining destinations. Fig. 4 (b) becomes the optimal solution, which is when w > 2/3. This result indicates that when we are more interested in reducing the distance walked alone, solutions with a cycle are preferred, at the expense of the increased total walking distance and computation time. To confirm this result, we examine Fig. 5 (a) and Fig. 5 (b) , which illustrate optimal solutions found using a layered network for two cases: w = 0.6 and w = 0.7. As can be seen from Fig. 5 (b) , both layers are used in the layered network H to represents a cycle composed of different flows in the original network G. Next, we apply the proposed model to the 50-node example network that was constructed from actual road network in Japan (GIAJ, 2006) , as shown in Fig. 6 through Fig. 9 . For this instance, each road segment is bidirectional, and the length of each edge is given by the Euclidean distance between the endpoints, rounded down to the nearest integer. The school is indicated by the square. The scale, 100 units of distance, is shown in the figures. The numbers assigned to nodes indicate the respective numbers of children bound for each destination. There are 15 destination nodes associated with only one child each and 5 destination nodes associated with two children each. The total number of children is 25. Tanaka, Miyashiro and Miyamoto, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.3 (2018) We used the mathematical programming solver Gurobi Optimizer version 7.0.2 to obtain Pareto optimal solutions; our hardware was a PC with an Intel Core i7-6700 (4.00 GHz) and 64 GB of RAM.
Optimal solutions between h = 1 and h = 2 for various values of w were compared. We first focus on eight instances in which the value of w ranges from w = 0.1 to w = 0.8 in increments of 0.1. In these eight cases, the same optimal solutions are obtained for both h = 1 and h = 2; that is, out-tree solutions are found for h = 2 as well. Table 1 summarizes the results. The six columns, from left to right, represent w, the distance walked alone (D alone ), the total walking distance (D total ), the optimal objective score, and time used to compute the optimal solutions for h = 1 (time1) and h = 2 (time2). Table 1 indicates that computing times with h = 2 are longer than those with h = 1, and the length of time increases rapidly when w exceeds 0.6, especially for instances with h = 2.
The fact that optimal solutions for h = 1 and h = 2 are exactly the same can be interpreted as follows. The situations shown in Fig. 1 (a) , taking a child to home by deviating from the main route, and Fig. 1 (b) , dividing groups into two (or more) subgroups to send children on different road segments, generally require extra walking distances. An out-tree solution remains a desirable choice unless minimization of the distance walked alone is strongly emphasized.
Next, we present results for instances where more emphasis is placed on reducing the distance walked alone. We solved nine instances with w ranges from w = 0.81 to w = 0.89 in increments of 0.01. In all nine cases, the optimal solution found with h = 2 is different from that found with h = 1. When h = 2, there are four distinct optimal solutions from among all solutions with the nine values of w. Table 2 compares these four solutions.
The eight columns, from left to right, represent w, the number of layers (h = 1 or h = 2), the distance walked alone (D alone ), the total walking distance (D total ), the optimal objective value, the ratio of the optimal value of h = 2 to that of h = 1, time to compute optimal solutions for each instance using the layered network formulation (time LN). From Table 2 , some improvement in the optimal value by relaxing the out-tree assumption with respect to G is observed. At the same time, however, the amount of improvement is not dramatically large.
At the same time, the computation times for instances with h = 2 are much longer than those for h = 1. Judging from the tradeoff between the quality of solution and the computing time, the out-tree formulation has an important practical value. Furthermore, for appropriate values of w in actual applications, it is expected that optimal solutions with h = 2 will coincides with optimal solutions with h = 1 (i.e., optimal solutions remain out-trees). In summary, from the practical point of view, the original formulation remains an effective approach for real-world application. Next, we compare optimal routes from school to homes between h = 1 and h = 2 in four cases with different values of w. Figures 6, 7, 8 , and 9 illustrate the optimal solutions of the out-tree formulation (left) and the layered network Tanaka, Miyashiro and Miyamoto, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.3 (2018) formulations (right). In these figures, gray edges represent those used by children walking in groups of two or more, and the number associated with each edge represents the number of children in a group. Black edges represent those walked by children alone; the total length of those edges corresponds to the risk objective, that is, the total distance walked alone. Some parts of these figures exhibit interesting routes to homes, with the h = 2 routes being infeasible in the original formulation. For example, at nodes A, B, and C in Fig. 7 (b) , a group of children accompanies a child home and then returns to the main route, the situation illustrated in Fig. 1 (a) . Another characteristic route pattern is observed in Fig. 7 (b) at node D. One child reaches home at node D, and also two children pass through node D on their way home as part of a different subgroup.
In Fig. 9 (b) another characteristic route pattern can be seen in the route of six children going left directly from school. Although the total walking distance of this route is impractically large for our intended application, routes obtained by the proposed layered network formulations are interesting and may be applicable in other contexts.
As we have already seen, the amount of improvement in the optimal objective value by using the layered network formulation is not large, but the time to compute optimal solutions with h = 2 is much longer than with h = 1. Additionally, optimal solutions containing cycles have total walking distances that are unacceptably long for the intended application. Judging from these facts, the original formulation, which produces much better solutions than the shortest path solution and does so within a reasonable amount of time, is of practical value. In actual use, the person in charge of route planning can use the original formulation as a first approximation and can modify the routes from the optimal out-tree solutions manually when this is necessary because of actual conditions. Tanaka, Miyashiro and Miyamoto, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.12, No.3 (2018) 
Conclusion
This paper considered a mathematical optimization model for designing safe walking routes for children from school to home. We focused on the problem originally proposed in Tanaka et al. (2016) , which was a bi-objective model that minimizes both the total walking risk and the walking distance for all children from school to home. It was assumed that the combination of routes from school to homes for all children forms a directed out-tree rooted at the school. While this assumption allows a simple formulation, it excludes some solutions, such as those involving cycles. Focusing on this aspect, this paper proposed a method to relax the assumption that the graph is an out-tree by using a layered network constructed from the original network. The new formulation was applied to two network instances. Using the proposed formulation, we obtained some solutions that have better objective values than those obtained by the original formulation when we strongly emphasize reducing the risk objective. The results also showed that the new formulation produced the same (out-tree) solution when minimization of the risk objective and the distance objective are suitably balanced. This indicates the practical usefulness of the original formulation.
There are a number of important future research directions. Firstly, it is important to conduct numerical experiments using various network instances and analyze features of the proposed model. In particular, to analyze how the shape of networks and the spatial distribution of children's homes affect the two objectives and route patterns is an interesting topic to explore. Secondly, it is important to devise better formulations or methods to obtain optimal solutions in less computing time. Another topic is more theoretical one. In the present paper, we treated instances with h = 1 and h = 2 only (h is the number of hierarchies in the layered network). In general, for some cases, more than two layers (i.e., h > 2) would be required to obtain exact optimal solutions when walking alone is heavily weighted against. A simple example is a modified case of Fig. 1 (b) in which three (or more) parallel destination road segments exist, rather than only two. Yet another theoretically interesting topic is that we can construct an instance in which an optimal solution for h = 2 coincides with that for h = 1, but an improvement in the objective value can be achieved by adding another layer (i.e., h = 3). Further investigation of this approach may contribute to not only SWRDP but problems beyond this topic.
